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• Complexity of Boolean Functions

• Query Complexity vs. xyz

• Randomized Query Complexity

• The Sensitivity Theorem
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Let 𝑓𝑓: 0,1 𝑛𝑛 → ℝ be a Boolean function. How do we measure the complexity of 𝑓𝑓?

• For simplicity, we assume 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , i.e., a decision problem with 𝑛𝑛-bit input and 
“YES/NO” output. (You are encouraged to convert the results in this lecture to functions like 
𝑓𝑓: 0,1 𝑛𝑛 → −1,1 )

Circuit complexity Kolmogorov complexity Query complexity
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Theorem (Shannon ’42).  With probability at least 1 − 𝑜𝑜 1 , a random function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  
requires a circuit (with bounded fan-in) of size Ω ⁄2𝑛𝑛 𝑛𝑛

Theorem (Lupanov ’52).  Any function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  can be computed by a circuit using 
1 + o 1 ⁄2𝑛𝑛 𝑛𝑛 gates of fan-in ≤ 2
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Query complexity is also called the decision tree complexity

• A decision tree over variables 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛 is a binary tree where each internal node has two 
children, left and right 

• Each internal node is labelled with a variable, and each leaf is labelled with a value of 0 or 1

• To evaluate a decision tree at a point 𝑥𝑥 ∈ 0,1 𝑛𝑛, we start from the root, and at each internal 
node with label 𝑥𝑥𝑖𝑖  we query the value of 𝑥𝑥𝑖𝑖, go left if 𝑥𝑥𝑖𝑖 = 0 and right if 𝑥𝑥𝑖𝑖 = 1 until we reach a 
leaf. The leaf’s value is the decision tree’s output on 𝑥𝑥

• For a Boolean function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we let D 𝑓𝑓  denote 
the smallest depth of a decision tree computing 𝑓𝑓

• Trivially, 0 ≤ D 𝑓𝑓 ≤ 𝑛𝑛
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The goal of this lecture is to use analytical measures of a Boolean function to characterize its query 
complexity 

• Degree deg 𝑓𝑓

• Certificate complexity C 𝑓𝑓

• Sensitivity s 𝑓𝑓

• Block sensitivity bs 𝑓𝑓
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• Complexity of Boolean Functions

• Query Complexity vs. xyz

• Randomized Query Complexity

• The Sensitivity Theorem
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Recall the Fourier transform of 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 :

𝑓𝑓 𝑥𝑥 = �
𝑆𝑆
𝑓𝑓 𝑆𝑆 𝜒𝜒𝑆𝑆 𝑥𝑥

We can also use the monomial basis ∏𝑖𝑖∈𝑆𝑆 𝑥𝑥𝑖𝑖  to expand 𝑓𝑓:

𝑓𝑓 𝑥𝑥 = �
𝑆𝑆
𝑎𝑎𝑆𝑆�

𝑖𝑖∈𝑆𝑆
𝑥𝑥𝑖𝑖

How to use express 𝑎𝑎𝑆𝑆 in terms of 𝑓𝑓?

• By inclusion-exclusion formula, 𝑎𝑎𝑆𝑆 = ∑𝑇𝑇⊆𝑆𝑆 −1 𝑆𝑆\𝑇𝑇 𝑓𝑓 𝟏𝟏𝑇𝑇     ⟹  𝑎𝑎𝑆𝑆 ∈ ℤ

How to use express 𝑎𝑎𝑆𝑆 in terms of 𝑓𝑓?

𝑎𝑎𝑆𝑆 = −2 𝑆𝑆 �
𝑇𝑇⊇𝑆𝑆

𝑓𝑓 𝑇𝑇
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For 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  with 

𝑓𝑓 𝑥𝑥 = �
𝑆𝑆
𝑓𝑓 𝑆𝑆 𝜒𝜒𝑆𝑆 𝑥𝑥 = �

𝑆𝑆
𝑎𝑎𝑆𝑆�

𝑖𝑖∈𝑆𝑆
𝑥𝑥𝑖𝑖

we define the (real) degree of 𝑓𝑓 as the 
deg 𝑓𝑓 ≔ max 𝑆𝑆 ∶ 𝑎𝑎𝑆𝑆 ≠ 0 = max 𝑆𝑆 ∶ 𝑓𝑓 𝑆𝑆 ≠ 0

Example: 

Parity 𝑥𝑥 = 𝑥𝑥1 + ⋯+ 𝑥𝑥𝑛𝑛 mod 2 =
1 − 𝜒𝜒𝟏𝟏 𝑥𝑥

2
• deg Parity = 𝑛𝑛

• Its degree as a polynomial in 𝔽𝔽2 is 1



Query Complexity vs. Degree

April 17, 2026 9

Proposition.  For every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have deg 𝑓𝑓 ≤ D 𝑓𝑓

Proof.

• If 𝑓𝑓 can be expressed as a degree-𝑑𝑑 multilinear polynomial 0,1 𝑛𝑛 → ℝ, then deg 𝑓𝑓 ≤ 𝑑𝑑

• Consider the decision tree that computes 𝑓𝑓 with depth D 𝑓𝑓

• Let ℒ1 be the set of leaves with label 1. And for each 𝑥𝑥 ∈ 0,1 𝑛𝑛, let ℓ 𝑥𝑥  be the leaf reached by the tree 
when computing 𝑓𝑓(𝑥𝑥)

𝑓𝑓 𝑥𝑥 = �
ℓ∈ℒ1

𝟏𝟏ℓ 𝑥𝑥 =ℓ

• For every leaf ℓ ∈ ℒ1, there is a unique path from the root to ℓ. Let 𝑇𝑇ℓ and 𝐹𝐹ℓ denote the indices of 
variables on this path that returned the value 1 and 0, respectively
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Proposition.  For every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have deg 𝑓𝑓 ≤ D 𝑓𝑓

Proof.

𝑓𝑓 𝑥𝑥 = �
ℓ∈ℒ1

𝟏𝟏ℓ 𝑥𝑥 =ℓ

• For every leaf ℓ ∈ ℒ1, there is a unique path from the root to ℓ. Let 𝑇𝑇ℓ and 𝐹𝐹ℓ denote the indices of 
variables on this path that returned the value 1 and 0, respectively

𝟏𝟏ℓ 𝑥𝑥 =ℓ  ⟺  �
𝑖𝑖∈𝑇𝑇ℓ

𝑥𝑥𝑖𝑖 �
𝑗𝑗∈𝐹𝐹ℓ

1 − 𝑥𝑥𝑗𝑗

𝑓𝑓 𝑥𝑥 = �
ℓ∈ℒ1

�
𝑖𝑖∈𝑇𝑇ℓ

𝑥𝑥𝑖𝑖 �
𝑗𝑗∈𝐹𝐹ℓ

1 − 𝑥𝑥𝑗𝑗

• deg 𝑓𝑓 ≤ max
ℓ∈ℒ1

𝑇𝑇ℓ + 𝐹𝐹ℓ = D 𝑓𝑓
∎
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𝑓𝑓 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 = 𝑥𝑥1 1 − 𝑥𝑥2 + 1 − 𝑥𝑥1 1 − 𝑥𝑥3
= 𝑥𝑥1 ∧ ¬𝑥𝑥2 ∨ (¬𝑥𝑥1 ∧ ¬𝑥𝑥3)
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A certificate for an input 𝑥𝑥 ∈ 0,1 𝑛𝑛 to a Boolean function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  is a set 𝑆𝑆 ⊆ 𝑛𝑛  of 
indices such that 𝑓𝑓 is constant on all inputs that match 𝑥𝑥𝑆𝑆

• C𝑓𝑓 𝑥𝑥  denotes the size of a smallest certificate for 𝑥𝑥

• The certificate complexity C 𝑓𝑓 ≔ max
𝑥𝑥

C𝑓𝑓 𝑥𝑥

Example:

• C Parity = 𝑛𝑛

• C AND = 𝑛𝑛

• If 𝑓𝑓 is a 𝑘𝑘-junta, then C 𝑓𝑓 = 𝑘𝑘
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Theorem.  For every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have C 𝑓𝑓 ≤ D 𝑓𝑓 ≤ C 𝑓𝑓 2

Proof.

• If there is a decision tree of depth 𝐷𝐷 𝑓𝑓  that computes 𝑓𝑓, then for any input 𝑥𝑥, the set of variables 
queried by the decision tree determines 𝑓𝑓 𝑥𝑥 , which forms a certificate for 𝑥𝑥. Thus, C 𝑓𝑓 ≤ D 𝑓𝑓

• To prove D 𝑓𝑓 ≤ C 𝑓𝑓 2, observe that if 𝑆𝑆 ⊆ 𝑛𝑛  is a certificate for 𝑥𝑥 ∈ 𝑓𝑓−1 0  and 𝑇𝑇 ⊆ 𝑛𝑛  is a certificate 
for 𝑦𝑦 ∈ 𝑓𝑓−1 1 , then 𝑆𝑆 ∩ 𝑇𝑇 ≠ ∅

• Define 
C0 𝑓𝑓 ≔ max

𝑥𝑥∈𝑓𝑓−1 0
C𝑓𝑓 𝑥𝑥 ≤ C 𝑓𝑓 ,  C1 𝑓𝑓 ≔ max

𝑥𝑥∈𝑓𝑓−1 1
C𝑓𝑓 𝑥𝑥 ≤ C 𝑓𝑓

• We use induction on C1 𝑓𝑓  to prove that 𝐷𝐷 𝑓𝑓 ≤ C0 𝑓𝑓 C1 𝑓𝑓 ≤ C 𝑓𝑓 2

• If C1 𝑓𝑓 = 0, then 𝑓𝑓 ≡ 1 and D 𝑓𝑓 = 0
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Theorem.  For every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have C 𝑓𝑓 ≤ D 𝑓𝑓 ≤ C 𝑓𝑓 2

Proof.

• Suppose 𝐶𝐶1 𝑓𝑓 ≠ 0 and we pick any 𝑥𝑥 ∈ 𝑓𝑓−1 0 . Let 𝑆𝑆 be a smallest certificate for 𝑥𝑥

• Construct a partial decision tree of depth 𝑆𝑆  by querying all the variables in 𝑆𝑆

• Each leaf ℓ in this partial decision tree corresponds to a function 𝑓𝑓ℓ (a restriction of 𝑓𝑓)

• Since 𝑆𝑆 intersects all the certificates for 𝑦𝑦 ∈ 𝑓𝑓−1 1 , we have
C0 𝑓𝑓ℓ ≤ C0 𝑓𝑓 ,  C1 𝑓𝑓ℓ ≤ C1 𝑓𝑓 − 1

• By induction, 𝐷𝐷 𝑓𝑓ℓ ≤ C0 𝑓𝑓 C1 𝑓𝑓 − 1  for every ℓ

• Thus, 𝐷𝐷 𝑓𝑓 ≤ C0 𝑓𝑓 + C0 𝑓𝑓 C1 𝑓𝑓 − 1 = C0 𝑓𝑓 C1 𝑓𝑓

∎
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The sensitivity of 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  at a point 𝑥𝑥, denoted by 𝑠𝑠𝑓𝑓 𝑥𝑥 , is the number of bits in 𝑥𝑥 such 
that flipping any one of these bits changes the value of the function:

s𝑓𝑓 𝑥𝑥 ≔ 𝑖𝑖 ∈ 𝑛𝑛 ∶ 𝑓𝑓 𝑥𝑥 ≠ 𝑓𝑓 𝑥𝑥 + 𝑒𝑒𝑖𝑖

• The sensitivity of 𝑓𝑓 is s 𝑓𝑓 ≔ max
𝑥𝑥

s𝑓𝑓 𝑥𝑥

Example:

• s Parity = 𝑛𝑛

• s AND = 𝑛𝑛

Theorem (Nisan-Szegedy ’94).  Every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies deg 𝑓𝑓 ≥ ⁄𝑠𝑠 𝑓𝑓 2

This result is proved using the “Polynomial Method”
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Theorem (Markov Brothers’ Inequality).  Let 𝑞𝑞:ℝ → ℝ be a univariate polynomial of degree 𝑑𝑑 such 
that any real number 𝑥𝑥 ∈ 𝑎𝑎1,𝑎𝑎2  satisfies 𝑞𝑞(𝑥𝑥) ∈ 𝑏𝑏1,𝑏𝑏2 . Then

𝑞𝑞′ 𝑥𝑥 ≤ 𝑑𝑑2
𝑏𝑏2 − 𝑏𝑏1
𝑎𝑎2 − 𝑎𝑎1

 ∀𝑥𝑥 ∈ 𝑎𝑎1,𝑎𝑎2

Theorem.  Let 𝑞𝑞:ℝ → ℝ be a univariate polynomial such that

1. 𝑞𝑞 0 = 0 and 𝑞𝑞 1 = 1

2. 0 ≤ 𝑞𝑞 𝑘𝑘 ≤ 1 for every 𝑘𝑘 ∈ 𝑚𝑚

Then, deg 𝑞𝑞 ≥ ⁄𝑚𝑚 2

0 1 2 3 4 5 6 7 8
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Theorem.  Let 𝑞𝑞:ℝ → ℝ be a univariate polynomial such that: 𝑞𝑞 0 = 0, 𝑞𝑞 1 = 1, and 0 ≤
𝑞𝑞 𝑘𝑘 ≤ 1 for every 𝑘𝑘 ∈ 𝑚𝑚 . Then deg 𝑞𝑞 ≥ ⁄𝑚𝑚 2

Proof.

• By the mean value theorem, there exists a point 𝑥𝑥 ∈ 0,1  with 𝑞𝑞′ 𝑥𝑥 ≥ 1

• Let 𝑐𝑐 ≔ max
𝑥𝑥∈ 0,𝑚𝑚

𝑞𝑞′ 𝑥𝑥 , 𝑐𝑐 ≥ 1

• Since 0 ≤ 𝑞𝑞 𝑘𝑘 ≤ 1 for every 𝑘𝑘 ∈ 𝑚𝑚 , for every real number 𝑥𝑥 ∈ 0,𝑚𝑚 , the mean value theorem 
implies that 0 − ⁄𝑐𝑐 2 ≤ 𝑞𝑞 𝑥𝑥 ≤ 1 + ⁄𝑐𝑐 2

• Markov brothers’ inequality: 𝑐𝑐 ≤ 𝑑𝑑2 1+ ⁄𝑐𝑐 2− − ⁄𝑐𝑐 2
𝑚𝑚−0

= 𝑑𝑑2 1+𝑐𝑐
𝑚𝑚

• Thus, we get that 𝑑𝑑 ≥ 𝑚𝑚 𝑐𝑐
1+𝑐𝑐

≥ 𝑚𝑚
2

 since 𝑐𝑐 ≥ 1
∎
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0 1 2 3 4 5 6 7 8

Degree lower bound

𝑓𝑓: 0,1 𝑛𝑛 → 0,1

𝑓𝑓 𝑥𝑥 = �
𝑆𝑆
𝑎𝑎𝑆𝑆𝑥𝑥𝑆𝑆 :ℝ𝑛𝑛 → ℝ

0 ≤ 𝑓𝑓 𝑥𝑥 ≤ 1 ∀𝑥𝑥 ∈ 0,1 𝑛𝑛?
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We can symmetrize a multivariate polynomial 𝑝𝑝:ℝ𝑛𝑛 → ℝ by averaging it over all permutations of 
the variables 

𝑝𝑝sym 𝑥𝑥1, … 𝑥𝑥𝑛𝑛 ≔
1
𝑛𝑛! �

𝜋𝜋∈𝒮𝒮𝑛𝑛

𝑝𝑝 𝑥𝑥𝜋𝜋 1 , … , 𝑥𝑥𝜋𝜋 𝑛𝑛

• deg 𝑝𝑝sym ≤ deg 𝑝𝑝

Theorem (Minsky-Paper ’88).  For every multilinear polynomial 𝑝𝑝:ℝ𝑛𝑛 → ℝ, there is a univariate 
polynomial 𝑞𝑞:ℝ → ℝ with deg 𝑞𝑞 ≤ deg 𝑝𝑝  such that

𝑝𝑝sym 𝑥𝑥1, … 𝑥𝑥𝑛𝑛 = 𝑞𝑞 𝑥𝑥1 + ⋯+ 𝑥𝑥𝑛𝑛  ∀𝑥𝑥 ∈ 0,1 𝑛𝑛
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Theorem (Minsky-Paper ’88).  For every multilinear polynomial 𝑝𝑝:ℝ𝑛𝑛 → ℝ, there is a univariate 
polynomial 𝑞𝑞:ℝ → ℝ with deg 𝑞𝑞 ≤ deg 𝑝𝑝  such that

𝑝𝑝sym 𝑥𝑥1, … 𝑥𝑥𝑛𝑛 = 𝑞𝑞 𝑥𝑥1 + ⋯+ 𝑥𝑥𝑛𝑛  ∀𝑥𝑥 ∈ 0,1 𝑛𝑛

Proof.

• Define the 𝑘𝑘-th elementary symmetric polynomial ℯ𝑘𝑘 𝑥𝑥 :ℝ𝑛𝑛 → ℝ as:

ℯ𝑘𝑘 𝑥𝑥 ≔�
𝑆𝑆⊆ 𝑛𝑛 ∶ 𝑆𝑆 =𝑘𝑘

𝑥𝑥𝑆𝑆

• ℯ0,⋯ , ℯ𝑛𝑛  forms a basis for symmetric polynomials

• Thus, 𝑝𝑝sym = 𝑐𝑐0 + 𝑐𝑐1ℯ1 + ⋯+ 𝑐𝑐𝑑𝑑ℯ𝑑𝑑, where deg 𝑝𝑝sym = 𝑑𝑑

• Notice that if 𝑥𝑥 ∈ 0,1 𝑛𝑛, then ℯ𝑘𝑘 𝑥𝑥 = 𝑥𝑥1+⋯+𝑥𝑥𝑛𝑛
𝑘𝑘 , and we have

𝑝𝑝sym 𝑥𝑥 = 𝑐𝑐0 + 𝑐𝑐1
𝑡𝑡
1

+ ⋯+ 𝑐𝑐𝑑𝑑
𝑡𝑡
𝑑𝑑

,  𝑡𝑡 ≔ 𝑥𝑥1 + ⋯+ 𝑥𝑥𝑛𝑛 ∀𝑥𝑥 ∈ 0,1 𝑛𝑛

𝑞𝑞(𝑡𝑡) ∎
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Corollary.  Let 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfy 𝑓𝑓 0, … , 0 = 0 and 𝑓𝑓 𝑒𝑒1 = 𝑓𝑓 𝑒𝑒2 = ⋯ = 𝑓𝑓 𝑒𝑒𝑛𝑛 = 1. 
Then deg 𝑓𝑓 ≥ ⁄𝑛𝑛 2

Proof.

• Let 𝑝𝑝sym:ℝ𝑛𝑛 → ℝ be the symmetrization of 𝑓𝑓. Then deg 𝑝𝑝𝑠𝑠𝑠𝑠𝑠𝑠 ≤ deg 𝑓𝑓

• Let 𝑞𝑞:ℝ → ℝ be the univariate polynomial provided by the previous theorem

• 𝑞𝑞 0 = 𝑝𝑝sym 0, … , 0 = 𝑓𝑓(0, … , 0) = 0

• 𝑞𝑞 1 = 𝑝𝑝sym 𝑒𝑒1 = 𝑓𝑓 𝑒𝑒1 +⋯+𝑓𝑓 𝑒𝑒𝑛𝑛
𝑛𝑛

= 1

• 𝑞𝑞 𝑘𝑘 ∈ 0,1  for all 𝑘𝑘 ∈ 𝑛𝑛

• Polynomial method implies that deg 𝑞𝑞 ≥ ⁄𝑛𝑛 2

∎
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The sensitivity of 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  at a point 𝑥𝑥, denoted by 𝑠𝑠𝑓𝑓 𝑥𝑥 , is the number of bits in 𝑥𝑥 such 
that flipping any one of these bits changes the value of the function:

s𝑓𝑓 𝑥𝑥 ≔ 𝑖𝑖 ∈ 𝑛𝑛 ∶ 𝑓𝑓 𝑥𝑥 ≠ 𝑓𝑓 𝑥𝑥 + 𝑒𝑒𝑖𝑖

• The sensitivity of 𝑓𝑓 is s 𝑓𝑓 ≔ max
𝑥𝑥

s𝑓𝑓 𝑥𝑥

Theorem (Nisan-Szegedy ’94).  Every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies deg 𝑓𝑓 ≥ ⁄s 𝑓𝑓 2

Proof.

• Let 𝑦𝑦 ∈ 0,1 𝑛𝑛 with 𝑠𝑠 ≔ s𝑓𝑓 𝑦𝑦 = s 𝑓𝑓 , and let 𝑖𝑖1, … , 𝑖𝑖𝑠𝑠 ∈ 𝑛𝑛  be the sensitive coordinates

• We may assume 𝑓𝑓 𝑦𝑦 = 0

• Define 𝑔𝑔: 0,1 𝑠𝑠 → 0,1  as 𝑔𝑔 𝑧𝑧 ≔ 𝑓𝑓(𝑦𝑦 + 𝑧𝑧1𝑒𝑒𝑖𝑖1 + ⋯+ 𝑧𝑧𝑠𝑠𝑒𝑒𝑖𝑖𝑠𝑠)
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Theorem (Nisan-Szegedy ’94).  Every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies deg 𝑓𝑓 ≥ ⁄s 𝑓𝑓 2

Proof.

• Let 𝑦𝑦 ∈ 0,1 𝑛𝑛 with 𝑠𝑠 ≔ s𝑓𝑓 𝑦𝑦 = s 𝑓𝑓 , and let 𝑖𝑖1, … , 𝑖𝑖𝑠𝑠 ∈ 𝑛𝑛  be the sensitive coordinates

• We may assume 𝑓𝑓 𝑦𝑦 = 0

• Define 𝑔𝑔: 0,1 𝑠𝑠 → 0,1  as 𝑔𝑔 𝑧𝑧 ≔ 𝑓𝑓(𝑦𝑦 + 𝑧𝑧1𝑒𝑒𝑖𝑖1 + ⋯+ 𝑧𝑧𝑠𝑠𝑒𝑒𝑖𝑖𝑠𝑠)

𝑔𝑔 𝑧𝑧 = 𝑓𝑓 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛 ,  𝑥𝑥𝑖𝑖 ≔ �
𝑦𝑦𝑖𝑖 if 𝑖𝑖 ∉ {𝑖𝑖1, … , 𝑖𝑖𝑠𝑠}
𝑧𝑧𝑖𝑖 if 𝑖𝑖 ∈ 𝑖𝑖1, … , 𝑖𝑖𝑠𝑠 ,𝑦𝑦𝑖𝑖 = 0
1 − 𝑧𝑧𝑖𝑖  if 𝑖𝑖 ∈ 𝑖𝑖1, … , 𝑖𝑖𝑠𝑠 ,𝑦𝑦𝑖𝑖 = 1

• deg 𝑔𝑔 ≤ deg 𝑓𝑓 , 𝑔𝑔 0 = 0, 𝑔𝑔 𝑒𝑒𝑖𝑖 = 1 (by the definition of sensitivity)

• Thus, deg 𝑔𝑔 ≥ ⁄𝑠𝑠 2
∎
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The block sensitivity of 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  at a point 𝑥𝑥, denoted by bs𝑓𝑓 𝑥𝑥 , is the maximum number 
of disjoint subsets 𝐵𝐵1, … ,𝐵𝐵𝑘𝑘 ⊆ 𝑛𝑛  such that 𝑓𝑓 𝑥𝑥 ≠ 𝑓𝑓 𝑥𝑥 + 𝟏𝟏𝐵𝐵𝑖𝑖  for all 𝑖𝑖 ∈ 𝑘𝑘  

• The block sensitivity of 𝑓𝑓 is bs 𝑓𝑓 ≔ max
𝑥𝑥

bs𝑓𝑓 𝑥𝑥

• bs 𝑓𝑓 ≥ 𝑠𝑠 𝑓𝑓  (we can take each block of size 1)

Theorem (Nisan-Szegedy '94).  Every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies deg 𝑓𝑓 ≥ ⁄bs 𝑓𝑓 2

• The proof is almost the same as the previous theorem
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Boolean function
𝑓𝑓: 0,1 𝑛𝑛 → 0,1  

Multilinear polynomial
𝑓𝑓:ℝ𝑛𝑛 → ℝ

Univariate polynomial
𝑞𝑞:ℝ → ℝ

Degree lower bound
⟹ Query lower bound
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Theorem (Nisan ’91).  Every function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies C 𝑓𝑓 ≤ s 𝑓𝑓 bs 𝑓𝑓

Proof.

• Let 𝑥𝑥 ∈ 0,1 𝑛𝑛 with a maximal set of sensitive blocks 𝐵𝐵1, … ,𝐵𝐵𝑠𝑠 ⊆ 𝑛𝑛  and 𝑠𝑠 ≤ bs 𝑓𝑓

• Wlog, we may assume that 𝐵𝐵𝑖𝑖 is minimal: ∀𝑗𝑗 ∈ 𝐵𝐵𝑖𝑖, 𝑓𝑓 𝑥𝑥 = 𝑓𝑓 𝑥𝑥 + 𝟏𝟏𝐵𝐵𝑖𝑖\ 𝑗𝑗

• Thus, on the input 𝑥𝑥 + 𝟏𝟏𝐵𝐵𝑖𝑖, each coordinate in 𝐵𝐵𝑖𝑖 is sensitive. Hence, 𝐵𝐵𝑖𝑖 ≤ s 𝑓𝑓

• Since 𝐵𝐵1, … ,𝐵𝐵𝑠𝑠  is maximal, fixing the values of the variables in 𝐵𝐵 = 𝐵𝐵1 ∪ ⋯∪ 𝐵𝐵𝑠𝑠 must determine the 
value of 𝑓𝑓 𝑥𝑥 ; otherwise, we could add one more sensitive block

• Thus, C𝑓𝑓 𝑥𝑥 ≤ 𝐵𝐵 = 𝐵𝐵1 + ⋯+ 𝐵𝐵𝑠𝑠 ≤ 𝑠𝑠 𝑓𝑓 bs 𝑓𝑓  for any 𝑥𝑥 ∈ 0,1 𝑛𝑛

Corollary.  For any 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have 
deg 𝑓𝑓 ≤ D 𝑓𝑓 ≤ s 𝑓𝑓 2bs 𝑓𝑓 2 ≤ bs 𝑓𝑓 4 ≲ deg 𝑓𝑓 8

∎
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A randomized decision tree 𝐓𝐓 of depth 𝑑𝑑 is a random variable that takes values in the set of 
decision trees of depth at most 𝑑𝑑

The randomized query complexity of 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , denoted by R 𝑓𝑓 , is the smallest 𝑑𝑑 such 
that there exists a randomized decision tree 𝑇𝑇 of depth 𝑑𝑑 such that

Pr
𝐓𝐓
𝐓𝐓 𝑥𝑥 ≠ 𝑓𝑓 𝑥𝑥 ≤

1
3 ∀𝑥𝑥 ∈ 0,1 𝑛𝑛

• Define 𝑔𝑔 𝑥𝑥 ≔ 𝔼𝔼 𝐓𝐓 𝑥𝑥 = ∑𝑇𝑇 𝜇𝜇 𝑇𝑇 𝑇𝑇 𝑥𝑥 , where 𝜇𝜇 is the probability distribution of 𝐓𝐓

• 𝑓𝑓 − 𝑔𝑔 ∞ ≤ ⁄1 3 since

𝑓𝑓 − 𝑔𝑔 ∞ = max
𝑥𝑥

𝑓𝑓 𝑥𝑥 −�
𝑇𝑇
𝜇𝜇 𝑇𝑇 𝑇𝑇 𝑥𝑥 ≤ max

𝑥𝑥
�

𝑇𝑇
𝜇𝜇 𝑇𝑇 𝑓𝑓 𝑥𝑥 − 𝑇𝑇 𝑥𝑥

= max
𝑥𝑥

Pr 𝐓𝐓 𝑥𝑥 ≠ 𝑓𝑓 𝑥𝑥 ≤ ⁄1 3

• Since deg 𝑓𝑓 ≤ 𝐷𝐷 𝑓𝑓 , we have deg 𝑇𝑇 ≤ 𝑑𝑑 and deg 𝑔𝑔 ≤ 𝑑𝑑
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The approximate degree of 𝑓𝑓, denoted by �deg 𝑓𝑓 , is the smallest 𝑑𝑑 such that there exists 
𝑔𝑔: 0,1 𝑛𝑛 → ℝ with deg 𝑔𝑔 ≤ 𝑑𝑑 and 𝑓𝑓 − 𝑔𝑔 ∞ ≤ ⁄1 3

Proposition.  For every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have �deg 𝑓𝑓 ≤ R 𝑓𝑓

Theorem (Nisan-Szegedy ’94).  Every function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies �deg 𝑓𝑓 ≥ ⁄bs 𝑓𝑓 6

0 1 2 3 4 5 6 7 8

⁄1 3

⁄2 3
deg 𝑞𝑞 ≥ ⁄𝑚𝑚 6



Randomized Query Complexity vs. Approximate Degree

April 17, 2026 29

The approximate degree of 𝑓𝑓, denoted by �deg 𝑓𝑓 , is the smallest 𝑑𝑑 such that there exists 
𝑔𝑔: 0,1 𝑛𝑛 → ℝ with deg 𝑔𝑔 ≤ 𝑑𝑑 and 𝑓𝑓 − 𝑔𝑔 ∞ ≤ ⁄1 3

Proposition.  For every 𝑓𝑓: 0,1 𝑛𝑛 → 0,1 , we have �deg 𝑓𝑓 ≤ R 𝑓𝑓

Theorem (Nisan-Szegedy ’94).  Every function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies �deg 𝑓𝑓 ≥ ⁄bs 𝑓𝑓 6

• Since D 𝑓𝑓 ≥ R 𝑓𝑓  and D 𝑓𝑓 ≤ bs 𝑓𝑓 4, we have

D 𝑓𝑓
1
8 ≲ bs 𝑓𝑓 ≲ �deg 𝑓𝑓 ≤ R 𝑓𝑓 ≤ D 𝑓𝑓
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The following measures of Boolean functions are polynomially equivalent:

• Degree deg 𝑓𝑓

• Certificate complexity C 𝑓𝑓

• Block sensitivity bs 𝑓𝑓

• Approximate degree �deg 𝑓𝑓

• Deterministic query complexity D 𝑓𝑓

• Randomized query complexity R 𝑓𝑓

Can we add the sensitivity s 𝑓𝑓  to this list?
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• (Nisan-Szegedy ’94) conjectured that the sensitivity of a Boolean function is polynomially 
equivalent to the degree, block sensitivity, query complexity, …

• A quote from Scott Aaronson:

Ever since it was posed by Nisan and Szegedy in 1989, this conjecture has stood as one 
of the most frustrating and embarrassing open problems in all of combinatorics and 
theoretical computer science. It seemed so easy, and so similar to other statements 
that had 5-line proofs. But a lot of the best people in the field sank months into trying 
to prove it.

• Resolved by Hao Huang in 2019 (a beautiful 6-page paper)

Theorem.  Every function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies s 𝑓𝑓 ≥ deg 𝑓𝑓
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Define a bipartition of 0,1 𝑛𝑛:

𝑉𝑉even ≔ 𝑥𝑥 ∈ 0,1 𝑛𝑛 ∶ �
𝑖𝑖∈[𝑛𝑛]

𝑥𝑥𝑖𝑖 ≡ 0 mod 2 , 𝑉𝑉odd ≔ 𝑥𝑥 ∈ 0,1 𝑛𝑛 ∶ �
𝑖𝑖∈[𝑛𝑛]

𝑥𝑥𝑖𝑖 ≡ 1 mod 2

Notice that the Boolean hypercube 𝒬𝒬𝑛𝑛 is a bipartite graph between 𝑉𝑉even and 𝑉𝑉odd

000 100

001

010 110

101

111011
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Adjacency matrix 𝑨𝑨𝑛𝑛 of 𝒬𝒬𝑛𝑛:

𝑨𝑨1 = 0 1
1 0 ,  𝑨𝑨𝑛𝑛 = 𝑨𝑨𝑛𝑛−1 𝑰𝑰

𝑰𝑰 𝑨𝑨𝑛𝑛−1 

000 100

001

010 110

101

111011
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Theorem (Huang ’19).  For every 𝑇𝑇 ⊆ 0, 1 𝑛𝑛 with 𝑇𝑇 > 2𝑛𝑛−1, let ℋ ≔ 𝒬𝒬𝑛𝑛 𝑇𝑇  be the subgraph 
induced by 𝒬𝒬𝑛𝑛 on 𝑇𝑇. Then, the maximum degree of ℋ satisfies Δ ℋ ≥ 𝑛𝑛

Proof.

• Define the signed adjacency matrix �𝑨𝑨𝑛𝑛:

�𝑨𝑨1 = 0 1
1 0 ,  �𝑨𝑨𝑛𝑛 =

�𝑨𝑨𝑛𝑛−1 𝑰𝑰
𝑰𝑰 −�𝑨𝑨𝑛𝑛−1 

• Let 𝑩𝑩 denote the 𝑇𝑇 × 𝑇𝑇 principal submatrix of �𝑨𝑨𝑛𝑛

• We have

𝜆𝜆1 𝑩𝑩 ≤ max
𝑖𝑖∈𝑇𝑇

�
𝑗𝑗∈𝑇𝑇

𝑩𝑩𝑖𝑖,𝑗𝑗 = max
𝑖𝑖∈𝑇𝑇

�
𝑗𝑗∈𝑇𝑇

�𝑨𝑨𝑖𝑖,𝑗𝑗 = max
𝑖𝑖∈𝑇𝑇

�
𝑗𝑗∈𝑇𝑇

𝑨𝑨𝑖𝑖,𝑗𝑗 = max
𝑖𝑖∈𝑇𝑇

degℋ 𝑖𝑖 ≤ Δ ℋ

(why?)
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Theorem (Huang ’19).  For every 𝑇𝑇 ⊆ 0, 1 𝑛𝑛 with 𝑇𝑇 > 2𝑛𝑛−1, let ℋ ≔ 𝒬𝒬𝑛𝑛 𝑇𝑇  be the subgraph 
induced by 𝒬𝒬𝑛𝑛 on 𝑇𝑇. Then, the maximum degree of ℋ satisfies Δ ℋ ≥ 𝑛𝑛

Proof.

• Define the signed adjacency matrix �𝑨𝑨𝑛𝑛:

�𝑨𝑨1 = 0 1
1 0 ,  �𝑨𝑨𝑛𝑛 =

�𝑨𝑨𝑛𝑛−1 𝑰𝑰
𝑰𝑰 −�𝑨𝑨𝑛𝑛−1 

• We can prove by induction that �𝑨𝑨𝑛𝑛
2 = 𝑛𝑛𝑰𝑰:

�𝑨𝑨𝑛𝑛−1 𝑰𝑰
𝑰𝑰 −�𝑨𝑨𝑛𝑛−1 

⋅
�𝑨𝑨𝑛𝑛−1 𝑰𝑰
𝑰𝑰 −�𝑨𝑨𝑛𝑛−1 

=
�𝑨𝑨𝑛𝑛−1

2 + 𝑰𝑰 𝟎𝟎

𝟎𝟎 �𝑨𝑨𝑛𝑛−1
2 + 𝑰𝑰

• Thus, 𝜆𝜆𝑖𝑖 �𝑨𝑨𝑛𝑛 = 𝑛𝑛 or − 𝑛𝑛 for any 𝑖𝑖 ∈ 𝑁𝑁

• Since tr �𝑨𝑨𝑛𝑛 = 0, we know that 2𝑛𝑛−1 eigenvalues are 𝑛𝑛 and 2𝑛𝑛−1 eigenvalues are − 𝑛𝑛
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Theorem (Cauchy Interlacing Theorem).  For any 𝑴𝑴 ∈ 𝕊𝕊𝑑𝑑×𝑑𝑑 and 𝑽𝑽 ∈ ℝ𝑑𝑑×𝑟𝑟 with 𝑽𝑽⊤𝑽𝑽 = 𝑰𝑰𝑟𝑟,
𝜆𝜆𝑑𝑑−𝑟𝑟+𝑘𝑘 𝑴𝑴 ≤ 𝜆𝜆𝑘𝑘 𝑽𝑽⊤𝑴𝑴𝑴𝑴 ≤ 𝜆𝜆𝑘𝑘 𝑴𝑴  ∀𝑘𝑘 ∈ 𝑟𝑟

Corollary.  For any 𝑴𝑴 ∈ 𝕊𝕊𝑑𝑑×𝑑𝑑 and 𝑵𝑵 ∈ 𝕊𝕊𝑟𝑟×𝑟𝑟 a principal submatrix of 𝑴𝑴,
𝜆𝜆𝑑𝑑−𝑟𝑟+𝑘𝑘 𝑴𝑴 ≤ 𝜆𝜆𝑘𝑘 𝑵𝑵 ≤ 𝜆𝜆𝑘𝑘 𝑴𝑴  ∀𝑘𝑘 ∈ 𝑟𝑟

• If 𝑟𝑟 = 𝑑𝑑 − 1, then the eigenvalues of 𝑵𝑵 interlace the eigenvalues of 𝑴𝑴

𝜆𝜆1 𝑴𝑴𝜆𝜆1 𝑵𝑵𝜆𝜆2 𝑴𝑴𝜆𝜆2 𝑵𝑵𝜆𝜆3 𝑴𝑴𝜆𝜆𝑑𝑑−1 𝑴𝑴𝜆𝜆𝑑𝑑−1 𝑵𝑵𝜆𝜆𝑑𝑑 𝑴𝑴 ⋯
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Theorem (Huang ’19).  For every 𝑇𝑇 ⊆ 0, 1 𝑛𝑛 with 𝑇𝑇 > 2𝑛𝑛−1, let ℋ ≔ 𝒬𝒬𝑛𝑛 𝑇𝑇  be the subgraph 
induced by 𝒬𝒬𝑛𝑛 on 𝑇𝑇. Then, the maximum degree of ℋ satisfies Δ ℋ ≥ 𝑛𝑛

Proof.

• Let 𝑩𝑩 denote the 𝑇𝑇 × 𝑇𝑇 principal submatrix of �𝑨𝑨𝑛𝑛
Δ ℋ ≥ 𝜆𝜆1 𝑩𝑩

• Thus, 𝜆𝜆𝑖𝑖 �𝑨𝑨𝑛𝑛 = 𝑛𝑛 or − 𝑛𝑛 for any 𝑖𝑖 ∈ 𝑁𝑁

• Since tr �𝑨𝑨𝑛𝑛 = 0, we know that half of the eigenvalues are 𝑛𝑛 and half are − 𝑛𝑛

• Cauchy interlacing theorem gives that
𝜆𝜆1 𝑩𝑩 ≥ 𝜆𝜆2𝑛𝑛− 𝑇𝑇 +1 �𝑨𝑨𝑛𝑛 ≥ 𝜆𝜆2𝑛𝑛−1 �𝑨𝑨𝑛𝑛 = 𝑛𝑛

∎
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Theorem (The Sensitivity Theorem).  Every function 𝑓𝑓: 0,1 𝑛𝑛 → 0,1  satisfies s 𝑓𝑓 ≥ deg 𝑓𝑓

Proof (via the reduction given by (Gotsman-Linial ’92)).

• We may assume deg 𝑓𝑓 = 𝑛𝑛; otherwise, we can pick a deg 𝑓𝑓 -degree monomial in 𝑓𝑓 and restrict the 
remaining variables to 0. Let 𝑔𝑔 be the restricted function. Then, deg 𝑔𝑔 = deg 𝑓𝑓  (i.e., full degree) and 
s 𝑔𝑔 ≤ s 𝑓𝑓 . Thus, if we prove that s 𝑔𝑔 ≥ deg 𝑔𝑔 , the we also have s 𝑓𝑓 ≥ deg 𝑓𝑓
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Proof (via a reduction given by (Gotsman-Linial ’92)).

• We change the output domain of 𝑓𝑓 from 0,1  to −1,1 , and we can write the its Fourier transform

𝑓𝑓 𝑥𝑥 = �
𝑆𝑆
𝑓𝑓 𝑆𝑆 𝜒𝜒𝑆𝑆 𝑥𝑥

• Since deg 𝑓𝑓 = 𝑛𝑛, 𝑓𝑓 𝟏𝟏 ≠ 0. We define ℎ 𝑥𝑥 ≔ 𝑓𝑓 𝑥𝑥 𝜒𝜒𝟏𝟏 𝑥𝑥 = 𝑓𝑓 𝑥𝑥 −1 𝑥𝑥1+⋯+𝑥𝑥𝑛𝑛

• We have �ℎ 𝑆𝑆 = 𝑓𝑓𝜒𝜒𝟏𝟏,𝜒𝜒𝑆𝑆 = 𝑓𝑓 𝟏𝟏 + 𝑆𝑆 . Thus, 𝔼𝔼 ℎ = �ℎ 𝟎𝟎 = 𝑓𝑓 𝟏𝟏 ≠ 0

• For any 𝑖𝑖 ∈ [𝑛𝑛], 𝑓𝑓 𝑥𝑥 ≠ 𝑓𝑓 𝑥𝑥 + 𝑒𝑒𝑖𝑖  ⟺ ℎ 𝑥𝑥 = ℎ 𝑥𝑥 + 𝑒𝑒𝑖𝑖 . Thus, s𝑓𝑓 𝑥𝑥 = 𝑖𝑖 ∈ 𝑛𝑛 ∶ ℎ 𝑥𝑥 = ℎ 𝑥𝑥 + 𝑒𝑒𝑖𝑖

• That is, s𝑓𝑓 𝑥𝑥 = deg𝒬𝒬𝑛𝑛 𝑇𝑇 𝑥𝑥  where 𝑇𝑇 ≔ 𝑦𝑦 ∈ 0,1 𝑛𝑛 ∶ ℎ 𝑦𝑦 = ℎ 𝑥𝑥

• Since ℎ−1 1 ≠ ℎ−1 −1 , we have 𝑇𝑇 > 2𝑛𝑛−1 for some 𝑥𝑥 ∈ 0,1 𝑛𝑛

• By Huang’s theorem, Δ 𝒬𝒬𝑛𝑛 𝑇𝑇 ≥ 𝑛𝑛. Therefore, s 𝑓𝑓 ≥ 𝑛𝑛 = deg 𝑓𝑓

∎
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